Symmetric Markov chains on with unbounded range 

Richard F. Bass * and Takashi Kumagai ^ 
February 2, 2008 



Abstract 

We consider symmetric Markov chains on Z'^ where we do not assume that the con- 
ductance between two points must be zero if the points are far apart. Under a uniform 
second moment condition on the conductances, we obtain upper bounds on the transi- 
tion probabihties, estimates for exit time probabihties, and certain lower bounds on the 
transition probabihties. We show that a uniform Harnack inequahty holds if an addi- 
tional assumption is made, but that without this assumption such an inequality need not 
hold. We establish a central limit theorem giving conditions for a sequence of normalized 
symmetric Markov chains to converge to a diffusion on M'^ corresponding to an elliptic 
operator in divergence form. 

1 Introduction 

Let Xn be a symmetric Markov chain on Z^. We say that has bounded range if there 
exists i^' > such that P(X„+i = y \ X„ = x) = whenever \y — x\ > K. The range is 
unbounded if for every K there exists x and y (depending on K) with \x — y\ > K such that 
P(X„+i = y I Xn = x) > 0. There is a great deal known about Markov chains on graphs 
when the chains have bounded range. The purpose of this paper is to obtain results for Markov 
chains on Z'^ that have unbounded range. 

Suppose Cxy is the conductance between x and y. We impose a condition on Cxy (see (A3) 
below) which essentially says that the Cxy satisfy a uniform second moment condition. Let Yt 
be the continuous time Markov chain on Z"^ determined by the Cxy, while X^ is the discrete time 
Markov chain determined by these conductances. The transition probabilities for the Markov 
chain X are defined by 

= y) = 

L-^Z XZ 

while the process Yt is the Markov chain that has the same jumps as X but where the times 
between jumps are independent exponential random variables with parameter 1. When (A3) 
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holds, together with two very mild regularity conditions, we obtain upper bounds on the tran- 
sition probabilities of the form 

¥{Yt = y\Yo = x)< cr"'^ 

and some corresponding lower bounds when x and y are not too far apart. Unlike the case of 
bounded range, reasonable universal bounds of Gaussian type need not hold when the range is 
unbounded. We also obtain bounds on the exit probabilities P(sup3<;( |Fs — x| > At^/^). 

We say a uniform Harnack inequality holds for X if whenever h is nonnegative and harmonic 
for the Markov chain X in the ball -B(xo, R) of radius R> 1 about a point Xq, then 

h{x) < Ch{y), \x — xo\,\y ~ xo\ < R/2, 

where C is independent of R. Even when Xn is a random walk, i.e., the increments X„ — X„_i 
form an independent identically distributed sequence, a uniform Harnack inequality need not 
hold. However, if we impose an additional strong assumption (see (A4)) on the conductances, 
then we can prove such a Harnack inequality. 

We prove that if we have Markov chains X*^"^ on Z'^ satisfying Assumption (A3) uniformly in 
n, the sequence of processes xf"^ = X[nt]/y/n is tight in the space D[0, oo) of right continuous, 
left limit functions, and all subsequential limit points are continuous processes. Under an 
additional condition on the conductances (A5) (different than the one needed for the Harnack 
inequality), we then show that the X.''"^ converge weakly as processes to the law of the diffusion 
corresponding to an elliptic operator 




in divergence form. The exact statement is given by Theorem 16.11 

In the case of bounded range Markov chains on Z'^ some of our estimates have been obtained 
by ||SZj . and we obviously owe a debt to that paper. Not all of their methods extend to the 
unbounded case, however. In particular, 

1. New techniques were needed to obtain the exit probability estimates. 

2. A new method was needed to obtain lower bounds for the process killed on exiting a ball. 
This method should apply in many other instances, and is of interest in itself. 

3. Harnack inequalities in the case of unbounded range are quite a bit more subtle, and this 
section is all new. 

4. In the proof of the central limit theorem, new methods were needed to handle the case 
of unbounded range. Moreover, even in the bounded range case our result covers more 
general situations. 

There are many versions of central limit theorems that investigate the asymptotic behavior 
of ^27=1 fi-^i) when X„ is a symmetric Markov chain on a graph. These are quite different 
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from the central limit theorem of this paper. Our formulation has much more in common 
with the work of Stroock and Varadhan |SVj . Chapter 11. There they consider certain non- 
symmetric chains and show convergence to the law of a diffusion corresponding to an operator 
in nondivergence form: 

i,j=l * i=l * 

Our result is the analogue for symmetric chains and operators in divergence form. 

The next section sets up the notation and framework and states the assumptions we need. 
Section 3 has the exit time and hitting time estimates, Section 4 has the lower bounds, and 
Section 5 discusses the Harnack inequality. Our central limit theorem is proved in Section 6. 

The letter c with or without subscripts and primes will denote finite positive constants 
whose exact value is unimportant and which may change from line to line. 



2 Framework 

We let I ■ I be the Euclidean norm and B{x,r) := {y E 'Z'^ : \x — y\ < r}. We sometimes write 
\A\ for the cardinality of a set A C Z*^. 

For each x,y E 1^'^ with x ^ y, let Cxy G [0, oo) be such that Cxy = Cyx- We call Cxy the 
conductance between x and y. We assume the following; 

(Al) There exist Ci, C2 > such that 

Cl < Vx '■= Cxy < C2 for all X G Z*^. 

yez^ 

(A2) There exist Mq > 1, 5 > such that the following holds: for any x,y E'L'^ with |x — y| = 1, 
there exist N > 2 and Zi, ■ ■ ■ ,X]y E B{x,Mq) such that Xi = x, x^ = y and Cx^xi+i > ^ ^oi 
i = l,--- ,N -I. 

(A3) There exists a decreasing function ip : N ^ M+ with Yl'iLi ^'^^^V^(^) < oo and ip{2i) < c ip{i) 
for alH G N such that 

Cxy^v{\x — y\) for all x^yElJ^. 

Note that (Al) and (A2) are very mild regularity conditions. (Al) prevents degeneracies, 
while (A2) says, roughly speaking, that the chain is locally irreducible in a uniform way. (A3) 
is the substantive assumption and says that the Cxy satisfy a uniform finite second moment 
condition. In fact, (A3) implies the following: there exists Cq > such that 

sup ^ I X — y\ Cxy < Cq. (2-1) 
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To see this, 



J] k - y|'c,, < 5] 1^ - y\M\^ - y\) (2.2) 

00 

i=0 i<|a;— j/|<i+l 
i 

for all X ^TJ^, where (A3) is used in the last inequality. 
Define a symmetric Markov chain by 

P^(Xi = y) = ^ for all x.yelJ^. 

Define Pn{x,y) := P''(X„ = y) and pn{x,y) = Pnix,y)/uy. Note that pn{x,y) = pn{y,x). By 
(Al), the ratio of Pn{x,y) to pn{x,y) is bounded above and below by positive constants. 

Let //a; = 1 for all x e Z'^ and for each A C Z'^, define iJ,{A) = Yly&Al^y = 1^1 ^^<i 
= ^^g^ Vy. Note that L2(Z<^, //) = L2(Z^ i/) by (Al). Now, for each / e L'^{Z'^, //), define 

^ = {/eL2(Z^/.) :£(/,/) <oo}. 
It is easy to check {£, T) is a regular Dirichlet form on L^(Z'', ji) and the generator is 

Let Yt be the corresponding continuous time //-symmetric Markov chain on U^. Let {f/f : i G 
N, a; G Z"*} be an independent sequence of exponential random variables, where the parameter 
for is z/^., and that is independent of X„ and define Tq = 0,T„ = Yll:=i^k'"~^ • Define 
To = 0, T„ = t^fc- Set Yt = Xn if T„ < t < T„+i; it is well known that the laws of Y and Y 

are the same, and hence y is a realization of the continuous time Markov chain corresponding 
to (a time change of) X„. Note that by (Al), the mean exponential holding time at each point 
for Y can be controlled uniformly from above and below by a positive constant. Let p{t, x, y) 
be the transition density for Yt with respect to ^. 

We now introduce several processes related to Yt, needed in what follows. For each £) > 1, 
let S = D^^l/ and define the rescaled process as Vt = D^^Y^^t. Let be a measure on S 
defined by fx^{A) = D~'^n{DA) = D-'^\A\ for A ^ S. We can easily show that the Dirichlet 
form corresponding to Vt is 

^""(/J) = \ E (/(^) - f{y)fD'-''Cnx,Dy, 

x,yeS 
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and the infinitesimal generator of Vt is 



Cox^DyD 



2-d 



y&S x,yeS 

for eacfi / G L^{S,fi^), where we denote fi^ := fi^{{x}) = D^'^ for each x G 5. The heat 
kernel p^(t,x,y) for Vt with respect to fi^ can be expressed as 

p^{t,x,y) = D'^p{DH,Dx,Dy) for a\\ x,y e S,t > 0. (2.3) 

For A > 1, let Wt^ be a process on S with the large jumps of Vt removed. More precisely, 
is a process whose Dirichlet form and infinitesimal generator are 



\x-y\<X^/^ 

A' fix) = (f(y)-f(^))- 



Cox^DyD^ 



|x-i;|<a1/2 

for each / G /i-^). We denote the heat kernel for by p^'^(t,x,y), x,y E S. 



3 Heat kernel estimates 

3.1 Nash inequality 

For / G L2(Z'^,/i), let 

SNN{f,f) = '^ {f{x)-f{y))\ 

X ,y(i'E'^\\x—y\=l 

which is the Dirichlet form for the simple symmetric random walk in WJ^. We will prove the 
following Nash inequality. 

Proposition 3.1 Assume (A2). There exists ci > such that for any f G L^(Z'^,yu), 

WfWT'"^ <cr£{fj)\\f\\'^''. (3.1) 

In particular, 

p{t, X, y) < cit-'^/'^ for all x,y eZ'^,t> 0, (3.2) 
P^{t, X, y) < x,y eS,t>0. (3.3) 

Remark 3.2 Since p(t,x,y) = F^(Yt = y)/fiy, we have p(t,x,y) < l/fiy, so ()3.2|1 is a crude 
estimate for small t. However, we will continue to use it since we are mainly interested in the 
large time asymptotics. 
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Proof. Note that the equivalence of ()3.1|) and ()3.2j) is a well-known fact (see |CKSp . 

The Markov chain corresponding to £nn is a (continuous time) simple random walk; let 
be its transition probabilities. Since, as is well known, we have r((x, x) < ct~°'/^, then by |CKSj 
we have 

ll/llf < Ci^^^(/,/)||/||l/'^ for all / G ^^(Z^^). 
See also |SZj . By (A2), there exists C2 > such that 

SNNifJ) < C2£ifJ) for all / G ^^(Z^/x). 

Using these facts and ()2.3|1 . we have the desired result. □ 



3.2 Exit time probability estimates 

In this subsection, we will obtain some exit time estimates. The argument presented here was 
first established in |BLlj and then extended and simplified in j C'Kj . |HKj . 



Lemma 3.3 There exists ci > such that 

p^'^{t, X, y) <cit'i exp [-\'^\x - (3.4) 
for all t G (0, 1], x,y & S and A > Mq, where Mq is given in (A2). 

Proof. Since A > Mq, by (A2), we have EnnUJ) < cS^'\fJ) for all / G L\Z'^,ij,). So we 
have ()3.1|1 where S{f, f) is replaced by £^''^{f, /), and by a scaling argument we have 

p^'^it, X, y) < cit""'/^ for all x,y eS,t>0. 

Thus by Theorem (3.25) of |(yKSj . we have 

p'''\t, X, y) < ci t-i exp {-E{2t, x, y)) (3.5) 

for alH < 1 and x,y E S, where 

E{t,x,y) = sup{\ij{y)-ij{x)\-tA{ijf:A{ij)<cx^}, 

and T\ is defined by 

Tx[vm= E i-iv)~v{Or^^^, ^eS. (3.6) 

|5_^|<a1/2 

Now let V(0 = A^^^^d^ - a;| A |x - y\). Then, \^{ri) - ^{^)\ < A^^/^i^ _ ^^at 
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for 7],^ E S with |?7 — ^| < A^^^. Hence 



>Cnn r)/:D 



ie-^l<Ai/2 



2 



|J'-7,'|<Da1/2 



for all ^ G 5 where is used in the last inequality. We have the same bound when if) is 
replaced by —tp, so A('?/')^ < C"^. Noting that \ip{y) — ip{x)\ < A~2 \x — y\, we see that ()3.4|) 
follows from (j3.5p . □ 

We now prove the following exit time estimate for the process. For A C Z'^ and a process 
Zt on Z"^, let 

r = rA(Z) := inf{t >0: Zt^A}, Ta = Ta{Z) := inf{t >0: ZtE A}. 



Proposition 3.4 For A > and < B < 1, there exists 7^ = 'ji{A, B) G (0, 1), i = 1, 2, such 
that for every D > and x G Z'', 

F"(rB(x,AD)(n<7i^') < 5, (3.7) 
P"(rB(.,AD)(X)<72D') < B. (3.8) 

Proof. It follows from Lemma IT^ that for t G [1/4, 1] and r > 0, 

>r) = 5^ p^'\t,x,y)/xf <ci/,,A, (3.9) 

y<^S: \y-x\>r 

where /^^a := e~i^~^ . Define := inf{t > : \W^ - W^\ > r}. Then by fim|) and the strong 
Markov property of at time 0"^, 

P'^(a^<l/2) < ((T,. < 1/2 and iVTi^-xl <r/2) (iVTi^-xl > r/2) 

< P^ (a, < 1/2 and \W^ - Wl\) > r/2) + c, h/2,x 

= (l{..<i/2}P^- {\Wt^^ - <| > r/2)) + ci /./2,A 

< sup sup P^ {\W,^_, -y\> r/2) + c, /,/2,a 

Here in the second and the last inequalities, we used ()3.9p . By the strong Markov property of 
W'^, for every r > 0, 

P^ (^sup \W^ - W^\ > r^ < W{ar < 1/2) + P^(l/2 < (x, < 1) 

< C2 /./2,A + P"(fT./2 < 1/2) + P"(a,,/2 > 1/2, a, < 1) 

< C2 /./2,A + P"(0^r/2 < 1/2) + [P^'/Ha,/2 < 1/2) 

< C3/,/4,A- (3.10) 
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The constants ci, C2, C3 > above are independent of D > 1, x & S and A > Mq. 
Now, define to be the infinitesimal generator of Vt with small jumps removed: 

bMO= E (3.11) 

r,-e|>Al/2 



Recall that is the generator of W^. We see that A'^ + B'^ is the generator for Vt. Hence, if 
QY and Qf^ are the semigroups associated with Vt and respectively, we have that 



QYv = QY\ + St{t)v, V G L-(5, /i^), (3.12) 

k=l 

where ^ 

'5fc'(t)t;= / QZ'',B'Sl,{s)vds, k>l (3.13) 
Jo 

with SQ(t) := QJ^^ (see, for example. Theorem 2.2 in [Lil)- Note that the series in ()3.12|) 
defines a bounded linear operator on L°°(iS, /i^) for each t > 0; this can be seen as follows. 
First, by ()2.2|) and a simple calculation, we have 

E ^^^<C4 E C.,yD'<^^j:\x-ymx-y\)D^<'f (3.14) 
Using this, we see that there exists C7 > independent of A such that 

A '^7 

ll-B V\\oo < — ll'yilno. 



A 

Noting that ||oo < 1 1 "^^ 1 1 00, by induction we have from ()3.13|) that 

\\S^{t)v\U < ^^^^^\\v\U t>0, fc>l, (3.15) 

and so the series above is bounded from L°°{S,fi^) to L°°{S,fi^) for each t > 0. 

We will apply the above with A = Mq. By (|3.15p . for any bounded function / on S, we have 

1 +^fc 



wQYf - Qr/iioo < x: ^^^^ ii/iioo < c^te' 



fc=i 



Applying this with / equal to the indicator of {B{^,r)Y, it follows that there is a constant 
Cio > that is independent of > 1 such that for every ^ G iS and every t < 1, 

P« {\Vt - el > r) < P« -^\>r)+ cwt. (3.16) 

Applying the same argument we used in deriving (j3.1Up . we conclude there are positive constants 
Cii, C12 such that for ^ G iS, 



^sup \Vs - ^1 > < die + Cii t for every r > and t < 1. 



(3.17) 



This implies that for every x G Z*^, > 1 and r > 0, 

P"^ I sup \Ys-x\>rD'] < ciie"'^2r ^ ^ g^g^y r > and t < 1. (3.18) 

\s<D'H J 

For y4 > and B G (0, 1), we choose tq and to so that ciie~'^^^^° + cn to < B and take 
D = roD'/A. Then, by (jTTRjl . 

P"^ I sup ll^s - x| > A D I < S for every D > ro/A, 

\S<11 £>2 J 

where 71 = {A/roYto. For D < tq/A, we have 

P(f^i > 71^) < P(f^i > 71^^) < sup m-s|<y4D), (3.19) 

A \s<-fi D2 J 

where Ui is an exponential random variable with parameter 1. By (Al), the left hand side of 
()3.19|) is greater than 1 — S if 71 is taken to be small. Thus, ()3.7|) is proved. 

Now (j3.8p can be proved in the same way as Theorem 2.8 in jBLlj. □ 



4 Lower bounds and regularity for the heat kernel 

We now introduce the space-time process Zs := {Us,Vs), where Ug = Uq + s. The filtration 
generated by Z satisfying the usual conditions will be denoted by {JF,; s > 0}. The law of the 
space-time process s t— > starting from {t,x) will be denoted as p(*'^). We say that a non- 
negative Borel measurable function q{t, x) on [0, 00) x iS is parabolic in a relatively open subset 
i? of [0, 00) X iS if for every relatively compact open subset Si of B, q{t, x) = E [qiZ^^^ )] 
for every (t,x) G Bi, where tb^ = inf{s > : Zg ^ Bi}. 

We denote 7 := 7(1/2, 1/2) < 1 the constant in ()3.7|) corresponding to A = B = 1/2. For 
t > and r > 0, we define 

Q^{t, X, r) := [t, t + 7r2] x {B{x, r) n 5), 

where B{x, r) = {y & : \x — y\ < r}. 

It is easy to see the following (see, for example. Lemma 4.5 in |CKj for the proof). 

Lemma 4.1 For each > and Xq G Z'^, q^{t,x) := p^{tQ — t,x,Xo) is parabolic on [0,tQ)xS. 

The next proposition provides a lower bound for the heat kernel and is the key step for the 
proof of the Holder continuity of p^(t, x, y). 

Proposition 4.2 There exists ci > and G (0, 1) such that if \x — y\ < t^^^, x^y and 
r > t^/'^/e, then 

¥-iYt = y,TBi^,.)>t)>c,t-'/\ 
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To prove this we first need some preliminary propositions. A version of tlie following 
weighted Poincare inequality can be found in Lemma 1.19 of |SZj : we give an alternate proof. 

Lemma 4.3 For D >1 and I G Z"', let 

i=l 

where Cq is determined by the equation Yli^z^ Qoi^) = 1- Then there exists Ci > such that 

d 

ci{{f- {f),o?) < D'-' E 9Dil) + - /(O)'. / e L\S), 

where 

{f)au = D-'Y.fiD~H)gn{l) 

and is the element ofJ/- whose j-th component is 1 if j = i and otherwise. 

Proof. A scaling argument shows that it suffices to consider only the D = 1 case. Because of 
the product structure, it is enough to consider the case when d = 1. 

The weighted Poincare inequality restricted to integers in [—10,10], i.e., where the sums 
are restricted to being over {—10, . . . , 10}, follows easily from the usual Poincare inequality. 
We will prove our weighted Poincare inequality for positive k and the same argument works 
for negative k. These facts together with the weighted Poincare inequality on [—10, 10] and 
standard techniques as in [Jsj give us the weighted Poincare inequality for all of Z. So we restrict 
attention to nonnegative k. Therefore all our sums below are over nonnegative integers. 

Let 

I = $^(/(fc)-/W)W^ 

k,e 

e-i e-i 

£>k m=k n=k 

K = E[/(n + l)-/(n)]V". 

n 

Note 

k 

SO we need to show / < C2K. We have, since f{k) — /(£) = when k = i, 

^ = 2$:$:(/(fc)-/(^))vv^ 

k e>k 

= 2 E E ( E [/("^ + 1) - /M]) ( E [/(^ + 1) - /H]) 

k i>k m=k n=k 

= 2Y,Jke-^ 

k 



10 



We see that 

= EE E ^"'[/("^+i)-/MH/(^+i)-/H] 

m>k n>k £>mVn 

< E E + 1) - /M] [/(^ + 1) - /H] 

m>k n>k 

= 2 E E ^""[/("^ + 1) - [/(^ + 1) - /H] 



myk n>m 
n-l 



= 2 E E ^""[/(^ + 1) - /(^)] [/(^ + 1) - /(^)] 

n>A; m=k 

+2Y,e~-[f{n + l)-f{n)f 

n>k 

< 2 E + 1) - /H] (fin) - f{k)) + 2K. 



n>k 



Hence 

^ ^ c3EE^""[/(^+i)-^WK/w-/WK' + E2e~'^ 

k n>k k 

^ ( E E + 1) - /(^)]') ( E E ^""[/H - /(^)]'^" 

fe n>fc A; n>k 

+CiK 

This imphes 

/ < C5K 

as required. □ 

The proof of the following lemma is similar to that of (1.16) in |SZj . but since we need some 
modifications, we will give the proof. 

Lemma 4.4 There is an e > such that 

D-^k, D"^m) > et-''/\ (4.1) 
for all D>1, {t,k,m) e (L'~\ 00) xS xS with \D-^k - D-^m\ < 2t^/^. 
Proof. First, note that it is enough to prove the following: there is an e > such that 

D-'' E log {p'^ii D-% D-\l + m)))gD{l) > \ loge, (4.2) 
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for all D > 1 and k,m & with \D ^{k — m)\ < 2. Indeed, by the Chapman-Kolmogorov 
equation, symmetry, and the fact gD^j) < 1 for all j G Z'^, 

D-% D~'m) > D-'J2p''ii D-% D-\j + A;))p^(|, D~^m, D-\j + k))gj,{j). 

i 

Thus, by Jensen's inequality, ()4.2|) gives 

D-^A;, > £ D>1, \D-^k - D~H\ < 2. 

By a simple scaling argument, this gives ()4.1|) . 

So we will prove (jOl). Set Util) = p^(t, L'-^A;, + m)) and let 

G(t) = D-'^5^1ogK(/))^7i.(/). 
By Jensen's inequality, we see that G{t) < 0. Further, 

Next, note that the following elementary inequality holds (see (1.23) of |SZj for the proof). 
/d c\ , c A d ,^ , , .r, id — 

(- --)ih-a)< -^(log h - log af + — ^, a, 6, M > 0. 



Hence 



2(c A rf)^ 



^'-'v- V- |^?D(/ + e)-^7D(/)P 



2 l^2^2{go{l + e)Agn{l)) ' 



ieZf* e 



a 

> cD'-' Yl Y.Mi + ^ 9D{l))[logUt{l + e^) - \ogUt{l))' 

l(zZd j = l 



where the last inequality is due to (A2) and the definition oi go (here recall that e* is in the 
element of whose j-th component is 1 if j = i and otherwise). Note \gD{l + e) — gD{l)\ < 
CiD-i|e|((7^(/ + e) A(7d(0)- Thus 

= C3(^SUp^C; ;+g|epj < C4, 
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where we used (A3) in the last inequahty. Note also mmi<i<d goii + e*) > c^goil)- Combining 
these, we have 

d 2 

G'{t) > C6Z^2-^5^^(logMi(/ + e-')-logMi(0) ^?d(0-C4 
> c-jD-^Y.i^ogUtil) - G{t)fgD{l) - c^, 

where we used Lemma 14.31 in the last inequality. 

Next, for a > 0, set At{(y) = {/ G Z'^ : Ut{l) > e~'^}. Then, writing and /~ for the 
positive and negative parts of /, we have for each cr > 0, 

D-'J^i^ogu.il) - G{t)fgo{l) > Z^-^$^(-(logn,)-(/) - Git)fgnil) 
I I 

where we used the elementary inequality {A + B)^ > {A'^/2) — B^, A,B G M, in the last 
inequality. Thus, we have 

G'it)>csIt,Mt)'-ic4 + cr'), (4.3) 

where we let It^a = D^'^J2i£At{(7)9D{^)- the other hand, by (j3.7|) and scaling, we can find 
To > 2 such that 

D~d p^{t,D-^k,D-\l + m)) > 1/2, D > l,t < 1, and \D-\k - m)\ < 2. 

\D-H\<ro 

In particular, if P is the smallest value of e~^'^ on [— ro, tq], then for each t E [1/4, 1], 



1/2 <D-^ J2 Ut{l)<e-'^4 + {snp\ut{D-''k)\)-^-^. 



Thus by taking a = (4rQ) and using (j3.3j) . we obtain If ,^ > cP'^. Combining this with (j4.3|) . 
there exists < 5 < 1 such that 

G'{t)>6G{tf-6-\ D> l,te [1/4,1], and \D-\k-m)\< 2. (4.4) 

Now, by ()4.4|) and the mean value theorem, 

G{l/2)-G{t)>~{A6r\ tG [1/4,1]. (4.5) 

We may assume ^(1/2) < —5/(25), since otherwise ()4.2|) is clear. Then, by ()4.5|) we have 
G{t) < -26-\ So 5G{tf/2 - > 6-^ > 0. So, by (jOD again, 

G\t)>6G{tf/2, tG [1/4,1]. 
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But this means that 

G(r'<G(r'-G(r'--/Jg||<'»<4 

and therefore G(l/2) > -85"^ Thus (jOI) holds with e^l'^ = \ exp{-86-^). □ 

Lemma 4.5 Given 6 > there exists k such that if x,y G Z'^ and C C Z'^ with dist {x, C) and 
dist {y,C) both larger than Kt^^"^ , then 

r-{Yt = y,Tc<t)<6t-^/\ 

Proof. By the strong Markov property we have 

F%Yt = y,Tc<t/2) = P^(l|r^<i/2}P^-o = ^)) 

< Ci(t/2)~'^/2p^(Tc < t/2). 

In Proposition 13.41 let us choose A = 1 and B = (5/(4ci2'^/^). If we take k > (271)^^/^, then 
Proposition 13.41 tells us that 

P^(Tc < t/2) < P^(r5(.,«,i/.) < t/2) < B, 

and then 

F%Yt = y,Tc<t/2)<^-t-''/\ (4.6) 

We now consider F^{Yt = y,t/2 < Tc < t). If the first hitting time of C occurs between 
time t/2 and time t, then the last hitting time of C before time t happens after time t/2. So if 
Sc = sup{s < t : G C}, then 

F^{Yt = y,t/2 <Tc<t)< F^{Yt = y,t/2 < Sc < t). 

We claim that by time reversal, 

F^{Yt = y,t/2 <Sc<t)= Fy{Yt = x,Tc < t/2). (4.7) 

To see this, observe by the symmetry of the heat kernel p, we have that if ti = {t/2) + it/{2n), 
then 

p^(yi, = z,,...,Fi„_, =z„_i,F,„=i/) 

= p(tk,x, Zk)p{t/{2n), Zk, Zk+i) ■ ■ ■p(t/{2n), Zn-i,y) 

= P^(Ft/(2n) = Zn-l, Yt-tk = Zk, Yt = x). 

If we sum over Zk & C and Zk+i, . . . , z^-i 4- C, we have 

p-(r,, G c, Y,,^, ^ c, . . . , y,„_, ic,Y, = y) 

= ^''{Yt/i2n) ^ C, . . . , ^ C, Yt^t^ eC,Yt = x). 



14 



If we sum over k, this yields 

P"(V2 < S'„, <t,Yt = y)= P^(0 <Z< t/2, Yt = x), 

where S'^ = supjtfc : Yt^. G C} and = mi{tk : Yt^ G C}. Letting n —>■ oo proves ()4.7jl . 
Arguing as in the first part of the proof, 

Fy(Yt = x,Tc<t/2)<-t-''^''. 

Therefore 

F^{Yt = y,t/2<Tc<t) < ^-r'"\ 
and combining with ()4.fi|l proves the proposition. □ 
Proof of Proposition I4.2L We have from Lemma lOl that there exists e such that 

pit, X, y) > er'"^ 

if |a; — ?/| < 2t^/^. If we take 5 = e/2 m. Lemma [4.51 then provided r > Kt^/^, we have 

¥%Yt = y,TB^^^r)<t)<U-''/\ 

Subtracting, 

if |a; — yl < 2t^/^, which is equivalent to what we want. □ 

As a corollary of Proposition 14.21 we have 

Corollary 4.6 For each < e < 1, there exists 9 = 6{e) > with the following property: if 
D > I, x,y e S with \x -y\ < t^'^ , r > 0, t e [0, [Orf), and V C B{y,t^/^) f] S satisfies 
li^{T)t-'^/^ > e, then 

F%Vt e T and rB(,,.) > t) > ciS. (4.8) 



Lemma 4.7 For each < 5 < 1, there exists '-f = '-fs ^ (0, 1) such that fort > 0, r > and x G 
S, if A C Q^{t,x,r) := [t,t + 75r2] X (E(a;,r)n5) satisfies m® {A) /m® {Q^ {t,x,r)) > 6, 



then 

p(*'^)(T^(Z)<rQZ,(,,,,,)(Z))>ci5. 

Proof. For each 6 > 0, take 7 = 9{5/A)'^. Note that there exists s = G [t + t + ^r"^) 

such that 

^^^{A,) > 6rVA > ^(^)''' > (4.9) 
where Ag = {{s, z) G [0, 00) x S : {s, z) E A}. Indeed, if not then 

m ® ii^{A) < + (7 - ^7/4) ■ (5/4) ■ r^+'^ < 5-ir'^+^/2, 
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which contradicts m ® jj, {A) > 5m® ^i^{Q^{t,x,r)) = 6-fr^+'^. Now, usine this fact and 
Corollary 14.61 (with e = 5/4), we have 

P(*'^)(Ta(Z) < rQZ,(i,,,,)(Z)) > ¥^''^\Vs-t oOteAs and rB(.,.) oet>s-t) 

> ci5/A, 

which completes the proof. □ 

We will also use the following Levy system formula for Y (cf. Lemma 4.7 in |("Kj ). 

Lemma 4.8 Let f he a non-negative measurable function on M+ x 5 x 5, vanishing on the 
diagonal. Then for every t > 0, x ^ S and a stopping time T of {J^t}t>0! 



.s<T 



D^C 



DVs,Dy 



ds 



yes 



Now we prove that the heat kernel p^(t,x,y) is Holder continuous in (t,x,y), uniformly 
over D. For {t,x) G [0, oo) x 5 and r > let Q^{t,x,r) := [t, t + -fr^] x {B{x,R) H 5), 
where 7 := 7(1/2, 1/2) A 71/3 < 1. Here 7(1/2, 1/2) is the constant in ()H.7j) corresponding to 
A = B = 1/2 and 71/3 is the constant in Lemma f4.7l corresponding to 5 = 1/3. 

The following theorem can be proved similarly to Theorem 4.1 in |BL2j and Theorem 4.14 
in |CKj . We will write down the proof for completeness. 



Theorem 4.9 There are constants c > and (3 > (independent of R,D) such that for every 
< R, every D > 1, and every bounded parabolic function q in Q^{0,xo,4R), 



\qis,x) - q{t,y)\ < c \\q\\oo,RR~ 



t-s\y' + \x-y\y 



(4.10) 



holds for {s,x), {t,y) e Q^{0,Xo,R), where \\q\\oo,R ■= ^^P{t,y)e[o,y{4R)2]xS In particular, 

for the transition density function p^{t, x, y) of V , 



b^(.,a;i,yi) -p^(t,X2,y2)| < ct,^"^^^" {\t - + - + \y, - y^l)' 
for any Q < t^ < 1, t, s & [to, 00) and (xj, yi) E S x S with i = 1,2. 



(4.11) 



Proof. Recall that = {Ug, Vs) is the space-time process of V, where Us = Uq + s. In the 
following, we suppress the superscript D from Q^(-,-,-). Without loss of generality, assume 
that < q{z) < ||g||oo,_R = 1 for 2; G [0, 7 (4i?)^] x S. By Lemma HTl there is a constant ci > 
such that ifxGiS, 0<r<l and A C Q{t, x, r/2) with "^^^ J^^j. > 1/3, then 



m®^lO{Q(t,x,r/2)) 
'^^\TA{Z)<Tr{Z))>C,, 



(4.12) 



where := TQ(^t,x,r)- By Lemma HSl with f{s,y,z) = lB{x,r){y) '^s\b{x,s){z) and T = r^, there is 
a constant C2 > such that if s > 2r, 

P^^'^HK. ^ 5(a:,s)) =E(*'") / V 



D^C 



DV^,Dy 



dv 



yeS\B{x,s) 



< 



C2 



E(*'^)[r,] < 



(4.13) 
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The first inequality of ()4.13p is due to tlie following computation. 

sup Yl ^Dz,Dy < sup C,,y, < V?(0«''"' 

.Gi?(x,r)n5 y^s\Bi^) z'&B{Dx,Dr) \,,_y,\yns/2 i>Ds/2 

i 

where (A3) is used in the last inequality. The last inequality of ()4.13|) is due to the fact 
E*'*'^^[rr] < r^; this is clearly true since the time interval for Q{t,x,r) is 7r^, which is less than 
r^. {K ''^TB(xf),r) < Cir^ is also true - see Lemma ESI (a).) Let 

r, = l-^ and p = 1 A ^ A f 

Note that for every (t,x) G Q{0,xo, R), q is parabolic in Q(t,x,R) C Q{0, xq, 2R). We will 
show that 

sup q — inf q <'rf for all k. (4-14) 

Q{t,x,p''R) Q{t,x,p''R) 

For notational convenience, we write Qi for Q{t,x, p^R) and Tj for TQ{t,x,p^R)- Define 

tti = inf q and bi = sup q. 

Qi Q, 

Clearly hi — ai < 1 < r]^ for alH < 0. Now suppose that hi — ai < rj^ for alH < and we are 
going to show that h^+i — a^+i < r]^^^. Observe that Qk+i C Qk and so < g < 6^ on Qk+i- 
Define 

A' := {z e Qk+i : q{z) < (a^ + hk)/2}. 



We 



may suppose ^1/2, for if not we use 1 — q instead of q. Let A be a compact 

subset of A' such that > 1/3- For any given e > 0, pick ^1,2:2 G Qfc+i so that 
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qizi) > bk+i - e and q{z2) < a^+i + e. Then by Km - Km . 

bk+i - ttk+i ~2e < q{zi) - q{z2) 

= E^^ [q{Zr,^,^^,) - q{z2)\ 

= E^i[g(ZTj-g(z2);T^<r,+i] 



oo 



i=l 

-^Tfc+i ^ Qk-i \ Qk+l-i\ 

+ {bk-akW{TA>rk+i) 

oo 
i=l 



C2 ^?'(p7^)' 



Since e is arbitrary, we have 6^+1 — c^fc+i ^ r^'^^^ and this proves ()4.14p . 

For z = (s, x) and w = (t, in Q{0, Xq, R) with s < t, let k be the largest integer such that 
\z-w\ := {-f''^\t-s\Y/'^ + \x-y\ < p^R. Then log(|2 - > (A; + l)logp, w G Q{s,x,p^R) 
and 

log 77/ log p 



\q{z) - q{w)\ <r^' = e^'"^^ < c, 



This proves (j4.1(jp with (3 = logr// log p. 

By (j3.2|) and Lemma l^!Tl for every < to < 1; ^0 > 2 and y E S, q{t, x) := p^{To — t, x, y) 
is a parabolic function on [0, Tq — y] x 5 bounded above by Cit^'^^'^ . 

For each fixed to G (0, 1) and To > 2, take R such that = to/2. Let s,t G [to,To] with 
s > t and Xi,a;2 G 5. Assume first that 

\s - t|V2 + _ a;^! < 7'/' R = (to/2)'/' (4.15) 

and so (To - t,a;2) G <5(To - s,xi,R) C [0,To - |^) x 5. Applying (pTTTl|l to the parabolic 
function qit,x) with (Tq — s,xi), (Tq — t,X2) and Q{Tq — s,xi,R) in place of {s,x), it,y) and 
Q{0,xo,R) there respectively, we have 

\p''{s,x„y) -p^(t,X2,2/)| < ct-('^+^)/'(|t - s\'/' + \x, - X2|)^. (4.16) 
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By fl3.3p . the inequality ()4.16|) is true when ()4.15p does not hold. So ()4.16p holds for every 
t,s E [to,To] and xi,X2 G S for all Tq > 2. Inequality ()4.11|) now follows from ()4.16|) by the 
symmetry of p(t, x, y) in x and y. □ 



5 Harnack inequality 

A function h defined on is harmonic on a subset A of l/" with respect to the Markov chain 
X if 

h{zy{Xi = z)= h{x), xeA. 

z 

Because the Markov chain may not have bounded range, h must be defined on all of Z*^. In 
order to avoid h possibly being infinite in A, we will assume that h is bounded on Z'^, but in 
what follows, the constants do not depend at all on the L°° bound on h. We say h is harmonic 
with respect to Y if h{Yt/\r^) is a P^-martingale for each x G Z*^, where ta = inf{t : Yt ^ A}. 
It is not hard to see that a function is harmonic for X if and only if it is harmonic for Y, since 
the hitting probabilities of X and Y are the same. Also, because the state space is discrete, it 
is routine to see that a function is harmonic in a domain A if and only if S{h, /) = for all 
bounded / supported in A; we will not use this latter fact. 

In this section we first give an example of a symmetric random walk, i.e., where {Xn+i — Xn} 
are symmetric i.i.d. random variables, for which a uniform Harnack inequality fails. Note that 
the Harnack inequality does hold for each ball of radius n, but not with a constant independent 
of n. Let be the unit vector in the Xj direction, j = 1, . . . ,d. 

Let bn = n"'" (or any other quickly growing sequence), let a„ be a sequence of positive 
numbers tending to 0, subject only to ^ a„ < 1/32 and J2n^nbn < oo. Let e = ^J2^n- 
Let be an i.i.d. sequence of random vectors on Z'^ with P°(^i = ±e^) = (1 — e)/{2d). Let 
P''(ei = ifene^) = an. Let X„ = YJ!=i ^^■ 

Now let 5 G (0, 1), r„ = (1 - 5)6„, 2„ = 0), 5„ = 5(0, r„), r„ = min{A; : X^ ^ fi„,}, and 
Tq = min{A; : X^ = 0}. Define 

hn{x)=F^{Xr^=Zn). 

Each hn is a harmonic function in Bn- If a uniform Harnack inequality were to hold, there 
would exist C not depending on n such that 

hniO)/hniy)<C, yeBiO,rn/2). 

Since 6bn ^ &n-i for n large, the only way Xr„ can equal Zn is if the random walk jumps 
from to Zn- So for ?/„ G 5„, ?/„ 7^ 0, 

/i„(l/„)=P^"(ro<r„)/i(0). 

But we claim that if ?/„ ~ fn/4:, then P^"(To < r„) will tend to when n 00, and then 
hniS^) Ihnijjn) OO- So uo uuiform Harnack inequality exists. 
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The claim is true is all dimensions greater than or equal to 2, but is easier to prove when 
d > 3, so we concentrate on this case. We have 

P^"(ro < r„) < P^"(ro < oo) = P^"(ro < r]l^) + P^"(ro > r]l^) 

oo 

< P^"(max |X,-Xo| > |i/„|)+ V P^"(X, = 0). 

. , 1/4 .i— ' 

. r 1/4, 

The first term on the last line goes to by Doob's inequality (applied to each {Xi^e^\ j = 
1, . . . ,d). By Spitzer |Sp], p. 75, the sum above is bounded by 



E 



— < ^7^1/4U-(rf/2) 
1/4, 



which goes to as n — > oo. 

Note that by taking a„ tending to fast enough, can be made to be sub-Gaussian, or 
have even better tails. 

Lawler |Lawj proved that the Harnack inequality holds for a class of symmetric random 



walks with bounded range and also for a class of Markov chains with bounded range which are 
in general not reversible. The content of the next proposition is that this continues to be true 
for symmetric Markov chains with bounded range. 

Theorem 5.1 Suppose the Markov chain has range bounded by K. Let Xq G Z'^. There exist 
constants Ci and 6 not depending on xq such that if r > 4:K{9~^ + 1) and h is nonnegative and 
bounded on and harmonic on B{xo,r), then 

h{x) < cih{y), x,y E B{xo, Or). 

Proof. First let us suppose that (i > 3; we will remove this restriction at the end of the proof. 
Let 

TB 



GB(x,y)=E^ [\{yy{Y,)ds 

Jo 



where tb = inf{t : Yt ^ B{xQ,r)}. Gb is the Green function for the process Y killed on exiting 
i?(xo,T). Since we are assuming > 3 and p{t,x,y) is always bounded by some constant, then 
by ()3.2p we see that Gb is bounded, say by C2- 

It follows by Proposition 14.21 that there exists k such that F^{Yt = y,TB > t) is bounded 
below by c^t^'^^'^ provided |x — Xo|, \y — Xq] < t^^'^ and r > Kt^^"^. Set 9 = 1/(4k). So integrating 
over t G [4^^r^, 8^^r^], we see GB{x,y) > C5 for x,y e B{xQ,26r). 

Define h{x) = E''[h{YT);T < tb], where T = inf{t : Yt G B{xo,2er)}. It is routine that h 
is equal to h on B' = B{xQ,9r), is outside of B{xo,r), and is excessive with respect to the 
process Yt killed on exiting B{xq, r). The fact that X has bounded range and r > 4K{6~^ + 1) 
is what allows us to assert that h is equal to h in B(xo, Or). See jFOTj . p. 319, for the definition 
of excessive. By |F()Tj . Theorem 2.2.1, there exists a measure vr supported on i?(xo,r) such 
that 

S{h,v) = / v{x)Tr{dx) 
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for all continuous v with support contained in B{xo,r), where S is the Dirichlet form for Yt 
killed on exiting B{xo,r). An easy approximation argumen shows that we also have 

£{Gbt^, v) = J v{x)7i(dx) 

for such V, and we conclude h = G^vr. Since h is harmonic in B{xQ,6r) and in B{xo,r) \ 
B{xo,29r), it is not hard to see that vr in fact is supported in B{xo,29r) \ B{xo,9r). So for 
x,y E B{xo,9r), the upper and lower bounds on GB{x,y) imply 

h{x) =J2GBix,z)n{{z}) < C2'K{P) 

z 

C5 C5 ^ 

= 'My). 

C5 

This proves the theorem when d > 3. 

When d = 2, define a Markov chain X' on by setting Ci ^. ^ \ u . , ^ to be equal to 
C{a;i,a;2), (3/1,1/2) ^3 = 1/3) equal to 1 if Xi = ^/i, X2 = 1/25 and X3 = 1/3 ± 1; and equal to otherwise. 
Suppose h is harmonic with respect to X on A C 1?. If we define h'{xi,X2, X3) = h{xi, X2), it is 
routine to check that h' is harmonic with respect to X' on A x Z C Z^. The Harnack inequality 
we just proved above applies to h', and a Harnack inequality for h then follows immediately. 
□ 

As the example at the beginning of this section shows, a uniform Harnack inequality need 
not hold when the range is unbounded, so an additional assumption is needed to handle this 
case. The assumption is modeled after |BKj and the proof is similar to the one in jBL2j . We 



assume 

(A4) There exists a constant Ci such that C^y < CiC^y' whenever \y — y'\ < \x — y\/3. 

Theorem 5.2 Suppose (A1)-(A3) hold and in addition (A4) holds. Suppose Xq G Z'^ and 
R > Mq, where Mq is defined in (A2). There exists a constant Ci such that if h is nonnegative 
and bounded on if" and harmonic on B{xo,2R), then 

h{x)<cih{y), x,yeB{xo,R). (5.1) 

Before proving Theorem 15. 21 we prove a lemma. Note that (A4) is not needed for this lemma. 

Lemma 5.3 (a) ¥,^TB{xo,r) < cir^. 

(b) There exist 9 G (0, 1) and ci,C2 > such that if r > Mo/9, then f^{TB(xo,r) > r'^) > C2 
andE ''TB[xo,r) > c-^r"^ if x E B{xo,9r). 

Proof. If p{t,x,y) denotes the transition densities for Yf, we know 

p{t,x,y) < C4r'^/2_ 
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So if we take t = c^r^ for large enough C5, then 

P^(FtG5(xo,r))= v{t.x,z)<c4-''l''\B{x^,r)\<\. 

z£B{xo,r) 

This imphes 

By the Markov property, for m a positive integer 

P"(^B(xo,r) >{m + l)t) < E"[P^'"*(rB(,,,,) > ty,TB(.,^r) > mt] < |P"(rB(,o,,) > mt). 
By induction, 

P"(rB(.o,.) > mt) < 2-™, 

and the first part of (a) follows. 

We also know by Proposition 14.21 that there exists k > 1 such that 

F%Yt = y,TBi.,,r)>t) > c^-'"^ 

if \x — Xol, \y — Xq\ < t^/^ and r > nt^^"^. Therefore taking t = r^//?^, 

P"(rB(.o,r) >t)> ¥%Yt e B{xo.t^'^),TBM >t)> c^t-'"^\B{xo,t^'^)\ > cj 

if X G B{xo,r / k). Let 9 = 1/k. So K^TB[xo,r) > t^^{'TB{xo,r) > ^) > crr^, which proves (b). □ 

Proof of Theorem 15.21 Let k and 6 be as in Lemma 15.31 That a Harnack inequality 
inequality holds for each finite R is easy, provided R < 16Mo/9, so it suffices to assume 
R > I6M0/9. 

First of all, if zi E if" and w ^ B{z\^ 2r), by the Levy system formula, 

'^{Ys-£B{zi,r),Ys=w) = CYs,wds. 

Letting t — > 00, we have 

Jo 

By (A4) the right hand side is bounded above by the quantity C2Cz-^w^'^'TB{z-i,r) and below by 
the quantity C3C2j^E'^r^(j;j_f.). Bv Lemma 15. 3( ifx,yE B{zi,9r), then E^r5(^^^r) < C4E'^TB(z-i^r)- 
We conclude 

Taking linear combinations, if if is a bounded function supported in B{zi, 2rY, then 

E^HiY^^^^^ J < cEyRiY^^^^^ J, x,y G Biz,,9r). (5.2) 
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Choose ro = 8Mo/6. If r > tq, then setting t = r^/zt^, 

^"{Yt = y, TBi,,,r) >t)> cet-''/\ x,ye B{z,, Or). 
Summing over A C B{zi, 6r), we see that 

F^Ta < TB(^„r)) > f'^iYt e A,rB(.„.) >t)> C6|A|r'^/2 ^ c6|A|r-^ X e 5(^1, ^r). (5.3) 
In particular, note that if C C B{zi,r) and |C|/|i?(2;i, r)| > 1/3, then 

P"(Tc < TBi,„r)) >C'r, X e B{z,, Or). (5.4) 
Next suppose x,y E B^zi^Otq). In view of (A2) 

P^(T|,} < rB(.,,.o)) > Cg. 

By optional stopping, 

Mx)>E-[MF^^^j);r|,|<r5( 
= h{y)r^my} < rB(.„.o)) 
> csh{y). 

By looking at a constant multiple of /i, we may assume miB{xo,R) h = 1. Choose zq G 
B{xo,R) such that /?.(-2o) = 1. We want to show that h is bounded above in B{xo,R) by a 
constant not depending on h. 

Let 

^ = ^ = 1^ ("^5 ^ ''s. (5.5) 

Now suppose there exists x G B{xo,R) with /;,(a;) = K for some ii' large. Let r be chosen 
so that 

2i?7(c6Ci^) < |5(a:o,^^r)| < AR'^/iceCK). (5.6) 

Note this implies 

r < cgK~^/'^R. (5.7) 
Without loss of generality we may assume K is large enough that r < OR/ A. Let 

A = {w G 5(x, ^r) : /i(m;) > C^^}- (5.8) 

By ()5.3|) and optional stopping, 

1 > Kzo) > E^°[/^(F2^,^.,,^^^,,,);T^ < TBix,,2R)] 

> c,CK\A\R-'', 
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hence 

\A\ 1 



\B{x,eT)\ - CQCK\B{x,er)\ " 2 
Let C be a set contained in Or) \ A such that 



< ^ ,, < -. (5.9) 



> \- (5.10) 



\B{x,er)\ - 3 
Let H = hlB{x,2rY- We claim 

E-[MK,^^_^,);K,,^,^, ^i?(x,2r)]<r^K 

If not 

E-F(K,^^^,)>r^ir, 

and by (j^ . for all ?/ G 5(x, 6'r), 

/.(y) > E^MK^,^ J > EnMK,(.,.,);K,(.„, ^ 5(x,2r)] 
>C5^E^-if(K,,^J>C5^ir 



contradicting (jS.lOp and the definition of A. 
Let = sup5(^ 2r) ^(^)- We then have 

K = h{x) = E'^lhiYT^y^Tc < rB(.,.)] +E^[/i(r,^(^ „,);rB(,,,) < T^, F.,,^,,, G i?(a;,2r)] 
+ E^[/^(K,,.,.,);rB(.,.) < Tc,K,(,,,, ^ 5(x,2r)] 
< Cii'P"(Tc < rB(.,.)) + iVP^(rB(.,.) < Tc) + vK 



or 

N ^ l-ri-CF%Tc<TBi,,r)) 

K- l-r-{Tc <TBix,r)) 

Using ()5.4|1 there exists > such that > K{1 + (3). Therefore there exists x' G B{x, 2r) 
with h{x') > K{l+[3). 

Now suppose there exists xi G B{xo, R) with h{xi) = Ki. Define ri and Ai in terms of Ki 
analogously to ()5.6p and (jS.Sj) . Using the above argument (with xi replacing x and X2 replacing 
x'), there exists X2 G B{xi,2ri) with /i(x2) = -^^2 > (1 + P)Ki. We continue and obtain r2 
and ^2 and then X3,K3,r3, A3, etc. Note Xj+i G B{xi,2ri) and > (1 + /3)*"^-ft'i. In view of 
(15. 7j) . — < ciqK^^^^R. If i^'i is big enough, we have a sequence Xi, X2, ■ ■ ■ contained 

in B{xo, 3R/2) Since Kj, > {1 + /5)'~^i^i and < ciiK~^^^R, there will be a first integer i for 
which Tj < 2rQ. But for all ?/ G B{xi,dri) we have /;.(?/) > Csh{xi), so then = B{xi,6ri), a 
contradiction to ()5.9|) . □ 
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Corollary 5.4 Let be an i.i.d. sequence of symmetric random vectors taking values in TJ^ 
with finite second moments. Let X„ = 'Yl^=i 6 ^'^^ suppose X„ is aperiodic. Suppose there 
exists ci such that 

P(6 = y)< ciP(6 = y') 

whenever \y — y'\ < |l/|/3. Then there exists and Rq such that for all R larger than Rq and 
any w ^ B{xq, R), 

= ^) < C2Pn^..(.,«) = nj), x,y e B{xo,R/2). 

Proof. We let Cxy = P(^i = y — x). Since the are symmetric, then the X„ form a symmetric 
Markov chain, and it is easy to see that (Al)-(A4) are satisfied. We then apply Theorem 15.21 

toh{x)=F^{Y,,^^^^^^=w). □ 



6 Central limit theorem 

Suppose we have a sequence C^y of conductances satisfying (Al), (A2), and (A3) with constants 

and ip independent of n. Let y/"'' be the corresponding continuous time Markov chains on Z"^ 
and set 

As noted previously, the Dirichlet form corresponding to the process Z*^"^ is 

sMJ) = n'-' ifiy)-fi^))"c:.,ny (6.1) 

We will also need to discuss the form 

S^UJ) = n'-' E U{y)-f{^)?C-'xly. (6.2) 

where C^';^, k,l & Z'^ is equal to C^; if |fc — Z| < nR and otherwise. 

Since the state space of Z^^^ is n~^7/' while the limit process will have as its state space, 
we need to exercise some care with the domains of the functions we deal with. First, if g is 
defined on M'^, we define Rn{g) to be the restriction of g to n~^%^: 

Rn{g){x) = g{x), xen-'Z''. 

If g is defined on n^^Z*^, we next define an extension of g to M'^. The one we use is defined as 
follows. For k G Z*^, let 

d 

Qn{k) = l[[n-'k„n'\k, + l)]. 

i=i 

When d = 1, we define the extension, En{g), to be linear in each Qn{k) and to agree with g 
on the endpoints of each interval Qn{k). For ci > 1 we define En{g) inductively. We use the 
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definition in the {d— l)-dimensionaI case to define En{g) on each face of each Qn{k). We define 
En{g) in the interior of a Qn{k) so that if L is any line segment contained in the Qn{k) that 
is parallel to one of the coordinate axes, then En{g) is linear on L. For example, when d = 2, 
n = 1, and k = (0, 0), then 

En{g){s, t) = g{0, 0)(1 -s){l-t)+ g{0, 1)(1 - s)t + g{l, 0)s{l - t) 
+ g{l,l)st, 0<s,t<l. 

Recall is the unit vector in the Xj direction and let {x, y) denote the inner product in M*^. If 
k = {ki, . . . , kd) G Z'^, let V{k) be the union of the line segment from to (/ci, 0, . . . , 0), the line 
segment from (fci, 0, . . . , 0) to {ki, ^2, 0, . . . , 0), and the line segment from (fci, . . . , k^-i, 0) 
to k. For z E Z'^ and 1 < i < d, let 

L* = {{y, k) E [rT^'L'^Y : y + n~^V{nk) contains the line segment from z to z + n~^e^}. 

We note that (x, k) E L\ for z E vT^TL^ if and only if [x + k\ = zi for I = 1, — 1, xi = Zi 
for I = i + 1, ...,d and Zi E [xi A (x + k)i, Xj V (x + k)i). So, for each k, the number of x that 
satisfies (x, k) E L\ is at most n\ki\. 

Recall sgnr is equal to 1 if r > 0, equal to if r = 0, and equal to — 1 if r < 0. We define 
a map a" from into M., the collection of c? x o? matrices as follows: Fix R. If x G rT^lf" ^ let 
the (z, j)-th element of a" be given by 

(a"(x)).. = ^ ^"^„(j,+fc)«fciSgn/ci. (6.3) 

For general x = {xi)i=x E M*^, we define a"(x) := a"([x],i), where we set [x]„ = (n~-'^[nxj])f^;^. 
a"'(x) is not symmetric in general, but under (A5), we see that (a"'(x))ij is bounded for all 
(which can be proved similarly to (j6.2ip below) and when n is large, we can use Cauchy- 
Schwarz, etc., as in the symmetric case. Note that if C"^ = for |x — ?/| > 1 (i.e., the nearest 
neighbor case), then the expression in ()6.3|) is equal to 2C^^ nx+e* ^ ~ i ^^"^ equal to if z 7^ j. 
(In particular, a"(x) is symmetric in this case.) 
We make the following assumption. 

(A5) There exist i? > and a Borel measurable a : ^ M. such that a is symmetric 
and uniformly elliptic, the map x — * a(x) is continuous, and a" converges to a uniformly on 
compacts sets. 

We will see from the proofs below that if (A5) holds for one -R, then it holds for every i? > 1 
and the limit a is independent of R. 

Since a is uniformly elliptic, if we define 

^a(/,/)= / (V/(x),a(x)V/(x))rfx, 

then (£^a, i^^(M'^)) is a regular Dirichlet form on L^(M'^, dx) where if^(M'^) is the Sobolev space 
of square integrable functions with one square integrable derivative. Further, it is well-known 
that the corresponding heat kernel p'^{t,x,y) satisfies the following estimate, 

I |2 I 12 

c,t-^/^exp ( - C2^^^) < p''it,x,y) < cgt"^/' exp ( - 04^^^), (6.4) 
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for alH > and all x,y & Mf^. As a consequence, the corresponding diffusion (which we denote 
by {Zt}) can be defined without ambiguity from any starting point. 

In this section we prove the following central limit theorem. Let C([0, to]; K'^) be the collec- 
tion of continuous paths from [0,to] to M*^. 

Theorem 6.1 Suppose (A1)-(A3) and (A5) hold. 

(a) Then for each x and each to the P'^'^-Zati; of {^f"^; < t < to} converges weakly with 
respect to the topology of the space D{[0,to],M.'^). The limit probability gives full measure to 
C([0,to],M"). 

(b ) If Zt is the canonical process on C( [0, oo) , M'^) and is the weak limit of the ¥^^'^"-laws of 
then the process {Zt,P^} has continuous paths and is the symmetric process corresponding 

to the Dirichlet form Ea- 

Before giving the proof, we discuss three examples. First, suppose each X*^"^ is the sum 
of i.i.d. random vectors. Then the C^y will depend only on y — x, and so the a"(x) will be 
constant in the variable x. Therefore, if convergence holds, the limit a{x) will be constant in 
X. This means that the limit is a linear transformation of (i-dimensional Brownian motion, as 
one would expect. 

For another example, suppose the X*^"^ are nearest neighbor Markov chains, i.e., C"^ = if 
|z — ?/| 7^ 1. Then in this case the result of [SZj is included in our Corollarv and l(i.7[ 

Third, suppose C"^ = Cxy does not depend on n. Unless Cxy is a function only of ?/ — x, 
then (2.6) of |SZj (which is ()6.29|) below) will not be satisfied, and this situation is covered by 
Theorem 16.11 but not by the results of |SZj . To be fair, the goal of |SZj was not to obtain a 
general central limit theorem, but instead to come up with a way of approximating diffusions by 
Markov chains. Condition (A5) is restrictive. For this C^y = Cxy case, if we further assume that 
Cxy = for Ix— ?/| > 1, then a{x) is always a constant matrix. Indeed, in this case the expression 
in ()6.3|) is equal to 2C„a. „^+ei5ij, which converges to {a{x))ij uniformly on compacts as — > cxd 
by (A5). So, for any m G N, the limit of a^{x/m) is equal to a(x), i.e., a{x/m) = a{x). Since 
a is continuous, we conclude a{x) = a(0) for all x G M*^. 

Before we prove Theorem 16. H we prove a proposition showing tightness of the laws of Z^'^\ 

Proposition 6.2 Suppose {uj} is a subsequence. Then there exists a further subsequence {nj^} 
such that 

(a) For each f that is C°° on M'^ with compact support, En^^iPt ^''^nj^if)) converges uni- 
formly on compact subsets; if we denote the limit by Ptf , then the operator Pt is linear and 
extends to all continuous functions on R"' with compact support and is the semigroup of a 
symmetric strong Markov process on R"^ with continuous paths. 

(b) For each x and each to the p'^^"jfc law of {Zj"'"''';0 < t < to} converges weakly to a 
probability giving full measure to C([0, to]; R"'). 

Proof. Let to > and rj > 0. Let r„ be stopping times bounded by to and let 5„ 0. Then 
by Proposition 13.41 and the strong Markov property, 

limsupP(|Z^:i,,^-ZW|>r^) = 0. 
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This, Proposition 1231 and A imply that the laws of the {Z*^"-'} are tight in D[0, to] for each to. 
Fix to and 77 > 0. Z^'^^ will have a jump of size larger than t] before time to only if 

some t < nto- By the Levy system formula, the probability of this is 

bounded by 

pnto 

< ci(nto) J2 Vi'^'^ 

i>ri^/n. 

which tends to by dominated convergence as n ^ 00. Since this is true for each to and 77 > 
we conclude that any subsequential limit point of the sequence Z^"'^ will have continuous paths. 

From this point on the argument is fairly standard. We give a sketch, leaving the details 
to the reader. Take a countable dense subset {tj} of [0, 00) and a countable dense subset {fm} 
of the C°° functions on M.'^ with compact support. Let P" be the semigroup for In view 

of Theorem 14. 9^ Enj{P^/ (Rnjifm))) will be equicontinuous. By a diagonalization argument, we 
can find a subsequence {nj^.} of {uj} such that for each i and m, as nj^ — > 00, these functions 
converge uniformly on compact sets. Call the limit Ptifm- Using the equicontinuity, we can 
define Ptfm by continuity for all t, and because the norm of each Pt is bounded by 1, we can also 
define Ptf by continuity for / continuous with compact support. Using the equicontinuity yet 
again, it is easy to see that the Pt satisfy the semigroup property and that Pt maps continuous 
functions with compact support into continuous functions. One can thus construct a strong 
Markov process that has Pt as its semigroup. The symmetry of P/"^ leads to the symmetry of 
Pf 

For each x, the P'^'"^ laws of {Z^"" , < t < to} are tight. Fix x, let {n'} be any subsequence 
of along which the pl^l"' converge weakly, and let P be the weak limit of the subsequence 
Pt^'"'. Suppose P is a continuous functional on C([0, to]; ffi"^) of the form F{uj) = Y[e=i 9i{^isi)), 
where the Qi are continuous with compact support and < si < ■ ■ ■ < < to. When L = 1, 
then 

E^7i(Z,J=limE[--l"'P„,(^7i)(Zf)) 
= limP;;P„,((7i)([a;]„0 
= Psi9i{x). 

Thus the one-dimensional distributions of a subsequential limit point of the P do not 
depend on the subsequence {n'}. Using the Markov property of Z*^"^ and the equicontinuity, 
a similar argument shows that the same is true of the L-dimensional distributions. Therefore 
there must be weak convergence along the subsequence {nj,.}. As proved above, the weak limit 
is concentrated on the set of continuous paths. □ 

Proof of Theorem Ib.lt We denote the Dirichlet form for the process Z^") by Sn- Suppose 
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f,g are C°° on W^' with compact support. Let be the A-resolvent for Z^"^; this means that 

POO 

=E" / e-^'hizf"^) dt 
Jo 

for X E rT^Tf" and h having domain rC^U^ . We write for the semigroup for Z'^^^ . 

Using Proposition 16.21 we need to show that if we have a subsequential hmit point of the 
in the sense of that proposition, then the hmiting process corresponds to the Dirichlet form 

Ea- Let {n'} be a subsequence of \n) for which the subsequence converges in the sense of 

Proposition 16.21 and let U\ be the A-resolvent of the limiting process. 
Let Fn, = \Ji[Rn\f)). Then 

= ((7)) - A(F„,,P„,((7)), (6.5) 

where we let {h\, h^) = X]aen-iz<^ hi{x)h2{x) for functions defined on n~^U^ . (Recall that our 
base measure is /i^.) Let if„ = EjyF^ and H = U\f. The equicontinuity result of Theorem 
14.91 and Proposition 16.21 shows that the converges uniformly on compacts to H. If we can 
show 

Sa{H,g) = {f,g)-\iH,g), (6.6) 

this will show that the A-resolvent for the limiting process is the same as the A-resolvent for 
the process corresponding to Sa, and the proof will be complete; we also use {hi, /i2) to denote 
J hi{x)h2{x) dx when hi, h2 are functions defined on M*^. 

Next, since / G L'^{M.'^) and / is C°°, then Rn{f) G L'^{d^n)- Standard Dirichlet form theory 
shows that 

\\U:iRnm\2<\\\Rnif)h, 

that is, the norm of F„ is bounded in n. We see that 

J \VHn{x)f dx < CiSniFn, F„) = Ci{{Rn{f), F„) - A(F„, F„)) (6.7) 

is bounded in n. By the compact imbedding of W^'"^ into L^, we conclude that {Hn} is a 
compact sequence in L^(R'^); here W^'"^ is the space of functions whose gradient is square 
integrable. Since Hn' converges on compacts to H, it follows that Hn' converges in to H. 
We note also that by (|6.5|) 

£n{Fn, Fn) = (i?„(/), F„) - A(F„, F„) (6.8) 

is uniformly bounded in n. 
We need to know that 

\8^{Fn,Rn{g))-Sa4Hn,g)\^0 (6.9) 

as ^ oo. The proof of this is a bit lengthy and we defer it to Lemma f6.3l below. 
We also need to show that 

\Sn{Fn,Rn{g))~S^{Fn,Rn{g))\^0 (6.10) 
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as n — s> oo. This follows because by Cauchy-Schwarz, we have 

I Yl (Fniy) - FMW~'c:,,ny{Rn{9){y) - Rn{9){x)) 



- (Fniy) - F4x)y-'C:^%{R4g){y) - R^{g){x)) 

<c£:„(F„,F„)^/^[ ^'~^C:^,ny-C:'J^ny){Rn{9){y)-Rn{9){x)f 
x,ydn~^'I,'^ 

The term within the brackets on the last line is bounded by 



1/2 



c||V(7| 



oo sup 



E 

yeZ'' ,\x-y\>nR 



x-y\ 



'Cx, <c'Y ^-'^^i^ 



i>nR 



which will be less than if n is large. 

Using and ()fi.l()|l . we see that it suffices to show 



£a"'{Hn',9) £aiH,g). 



Now 



\£^,4Hn',9) - £a{Hn',9)\ = \ J Vi/„. ■ (o"' - a)V(? 



(6.11) 



(6.12) 



Since Vg is bounded with compact support and |V-ff„'| is bounded in L^, then (A5) and the 
Cauchy-Schwarz inequality tell us that the right hand side of fj6.12j) tends to as n — oo. 
Therefore we need to show 

£aiH,,,9)^£a{H,g). (6.13) 
But if Vh is bounded with compact support, then 

j {VHn') h= - j Hn^Vh^ - j HVh = j {VH) h. (6. 14) 

If we take the supremum over such h that also have norm bounded by 1, then Fatou's 
lemma and the Cauchy-Schwarz inequality show that Vi? is in L^. li h is bounded with 
compact support, let e > and approximate /i by a function h with compact support 
such that \\h — h\\2 < e. Since |Vif„| is bounded in L^, then \ J VHn'ih — h)\ < C\e and 
|/Vif(/i-/i)| <ci£. So by (jmil 

lim sup 

n'— >oo 

Because e is arbitrary, we have 



VHh\ < 2cie. 



VHn' h - 

If we apply ()6.15|) with h = aVg, we obtain ()6.13|) . 
To complete the proof we have 



VHh. 



(6.15) 

□ 
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Lemma 6.3 With the notation of the above proof, 

\S^{F^,Rr,{g))~S,n{Hn,9)\^0 



as n ^ oo. 



A'' 



Proof. Step 1. Let e,rii,ri2,S > and let {Sm} be a collection of cubes with disjoint interiors 
whose union contains the support of g and such that the oscillation of a on each Sm is less than 
Tji and the oscillation of Vg on each Sm is less than ri2. One way to construct such a collection 
is to take a cube large enough to contain the support of g, divide it into 2'^ equal subcubes, 
and then divide each of the subcubes and so on until the oscillation restrictions are satisfied. 

Step 2. Let S'^ be the cube with the same center as Sm but side length (1 — 26) times as 
long. Let A = Um{Sm — S'^). We claim it suffices to show that 

VHn{x) ■ a"(x)V5f(x) dx 

-EE iUy) - Ux)W~'ci^:^ny{Rn{9){y) - Rn{g){x)) 

^0 (6.16) 
as n — > cxD. To see this, note first that by Cauchy-Schwarz and ()6.7|) 

VHn{x)-a'^{x)Vg{x) dx < Sar^{Hn,Hnf'^(^ J Vg{x) ■a''{x)Vg{x)dxy^'^ 

<cSan{H^,Hny^^\\Vg\\oo\A\'/^ 
will be less than e if (5 is taken sufficiently small. Next note that for any x E n^^U^, 

< cn-'^. 

So by Cauchy-Schwarz and (j6.8p 

E E (^n(y)-F„(x)y-^Q"i(i?„(^7)(i/)-i?„(^?)(x)) 
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<^„(F„,F„)V^( E ^"''Cniny{Rn{9){y) - Rn{g){x)f) 

< cSn{Fn,FnY'^{n-'^ciiid{Af\n~^Z'^)y'^ , (6.17) 



which will be less than e if 5 is taken small enough and n is large. 
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Step 3. Let Xm be the center of Sm- Define g by requiring g to be linear on each Sm and 
satisfying g{xm) = gi^m), V^(xm) = V(y'(xm)- We claim it suffices to show that 



A'' 



VHn{x) ■ a^{x)Vg{x) dx 

-EE (^n(l/)-^n(^)y"'Ci(^n(^)(y)-i?n(^)(a:)) 





(6.18) 



To see this, note that 



1/2 



/ VHn{x) ■ aJ\x)Vg{x) dx- I VHn{x) ■ a"(a;)V^(a;) dx 

J A'' J A'' 

< San {H^, H^f'^ ^^^^^ ■ """^^^^^^ " ^^^^^ 

which will be less than e if 772 is chosen small enough. A similar argument shows that the 
difference between the second term in fl6.18|) and the corresponding term with 'g replaced by g 
is small; cf. Step 2. 

Step 4. Let C^j, = Cxy^^ and define a"(x) by = E(y,fc)eLi ^n2^,n(j/+fc)"'^iSgn fc^. We 

claim it suffices to show that 

VHn{x) ■a^{x)Vg{x) dx 

-EE (^«(^) - Fnix)y-'c:,^„^{Rr.my) - Rnm^)) 

(6.19) 
To prove this, we first note that the following can be proved in the same way as ()6.10|) . 



I E E ^Fn{y) ' F^{x))n^-''Cl^^^^{RM{y) - Rnm^)) 



x^A,x(^n-'^TA y£n-'^2 



as n — > 00. Next, 



VHn{x) ■ a^{x)Vg{x) dx - VHn{x) ■ a"(x)V^(x) dx 

J A'' 

<c(^j iyHn{x)fdxy^(^j (a"(x) -a"(x))(V^(x))2 



1/2 



(6.20) 
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We can estimate 



(a^(x) — a"[x 



< ci sup J2 1^ - y\'^^y ^ ^2 5^ (6.21) 

where in the second inequahty, we used the fact that for each k, the number of y that satisfies 
{y, k) G LI is at most n\ki\ (as mentioned when we defined LI). So the right hand side of ()6.20|) 
will be less than e if n is large. 

Step 5. We have chosen the Sm so that the oscillation of a on each Sm is at most r/i. Since 
we have that the a" converge to the a uniformly on compacts and there are only finitely many 
iSm's, then for n large the oscillation of a" on any will be at most 2?7i. 

Step 6. We will now prove ()6.19|) . By Step 3, 'g is linear on each Sm, so it is enough to 
discuss the case where 'g{x) = Xj^ on S!^ for some jo and then use a linearity argument. Noting 
that Hn = Fn on n~^Z'^, define 

£^-{H^,g):= Yl E (^^n(l/)-^n(a:)y-'^l,.,(i?n(^)(2/)-i?n(^)(x)). 

Since there is no term involving different S'^s, we will consider each S'^ separately. We will fix 
an xq G S'm and look at the terms involving Hn{xQ + n~^ei) — Hn{xo). First, by an elementary 
computation using the definition of the linear extension map En, we have 

/ ^^^=2^4^ E iHn{z + n-^e.)-H^iz)) (6.22) 

where Vi{xQ) is the collection of vertices of the face of Qn{xo) perpendicular to Cj and with the 
smaller Ci component. (E.g., for a square, Vi(xo) is the two leftmost corners, V2(xo) is the two 
lower corners.) So 

r ^ r d d r Q 

/ {VHn,lf'Vg)dx=J2 ^Hna1^—gdx = J2^l)oi^o) -^^ndx 

jQn{xo) i,j=i-JQ^{xo) OXi OXj . JQ„ixo)C>^i 

d 



2'^~^n' 

i=l z<^Vi(xo) 



Summing over all cubes that contains Hn{xo + n ^e*) — if„(xo), the coefficient in front of 
Hn{xo + n~^e*) — if„(xo) will be 



^i-d 



2.-1 E ^o(-)^ (6-23) 

zS:Vi{xo+n ifi' — e.) 



where e* = (1/n, 1/n). 
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We next look at £n"^{Hn,g)- Since 'g{x + k) — g{x) = kj^^ where k = (fci, kd), we have 

Let us fix X and k and replace {Hn{x + k) — Hn{x)) by the sum X]mLi(-^n(^m+i) — Hn{zm)) 
(here := + ... + and \zm+i — z^l = ^/n) so that the union of the line segments 
belongs to x + n^^V{k). We will get a term of the form Hn{xo + n'^Ci) — if„(xo) if = Xq 
and Zm+i = xo+ W^ei (we get Hn{xo) - Hn{xo + n-^ei) if Zm+i = xq and Zm = xq + n'^ei), so 
the contribution will be 

„(2,_,_fc)A;j,-o(sgn ki). 

Summing over x G S'^ (1 n^^ Z"^ , k G n'^Z*^, we have that the coefficient in front of H„{xo + 
n-'e') - H^ixo) for £n'-{H^,g) is 



5^ ^x,n(x+fc)^io(sgn A;^). (6.24) 



On the other hand, by the definition of a", we have 

C'l^n(x+fc)^io(sgn fci) = ni-'^a^.^(a;o). (6.25) 



Let S'^ be the cube with the same center as S'^ but side length (1 — 25) times as long. If 
xq G 5^nr;,~^Z°', then the expressions in ()6.24p and ()6.25|) are equal, because = for 

x ^ S'^ n n~^l/, (x, /c) G L^g. Since the oscillation of a" on each 5^ is less that 2rji as in Step 
5, by ()6.21|1 the oscillation of a" on each 5^ is less that St^i. Thus, when xq G 5^ fl n~^U^, we 
see that the absolute value of the difference between ()6.2Hj) and ()6.24|1 is bounded by 3?7in^~'^. 
(Note that card Vi{xQ + n~^e^ — e^) = 2'^^^ is used here.) Now, if xq G (5^ — S'^) fl n~^U^, then 
the difference between fl6.23p and ()6.24|) is bounded by c^.n^"'^, because similarly to ()6.2H) we 
have 

XI ^x,n{x+fc)«%(sgn h) < ci sup - y^C'^y < ^2 J] =: c*. 

Denote := Hn{x^+n-^e')-Hn{xo), A' := (U„(5;„-5:;))nn-iZ'^ and S := (U„5;;)nn-iZ'^. 
Using the Cauchy-Schwarz inequality, we have 

j,,^s'S'^H^.<^V^)dx - E™^n^(^n,^)| (6.26) 

< cir^i(n-'^cardi?) (n^-'^ E.oen-z^.(^.o.)') (6-27) 
+ c. (n-^card a) (n'-'^ E.o.n-z^.(^.o.)') 

/ \ 1/2 

< C2{r]i + e) (n'-'^ E.oen-iz-^.il^-o,*)'; < ^3(^1 + e), 
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if 6 is taken small enough and n is large. We thus complete the proof of ()6.19p . □ 

When d = 1, Lemma [6.31 can be proved under much milder conditions. 
(A6) There exists R> and a Borel measurable a : 'R'^ Ai such that for each r > 



n— >oo 



lim / |a"(x) -a(x)|cix = 0. (6.28) 

'|x|<r 



Corollary 6.4 Let d = 1 and suppose (A1)-(A3) and (A6) hold. Then the conclusions of 
Theorem \6.1\ hold. 

Proof: The proof is similar to the proof of Theorem 16.11 Let us point out the places where 
we need modifications. First, we can prove that there exist ci, C2 > such that ci < a"(a;) < C2 
for all X G M'^ and G N. Indeed, by (A2) the lower bound is guaranteed and the upper bound 
can be proved similarly to ()6.21|1 . So, we know £a^{f,f) is bounded whenever / G L^. For 
the proof that the right hand side of ()6.12|) goes to as n ^ cxo, we use ()6.28|) . (To be more 
precise, the convergence of a" to a locally in is used there, which is guaranteed by ()6.28p 
and the fact that the a" are uniformly bounded.) Noting these facts, the proofs of Theorem 
16.11 and Proposition 16.21 go the same way as above. For the proof of Lemma (6.31 in Step 1, we 
do not need to control the oscillation of a on each Sm- Step 5 is not needed. We have that the 
expression ()6.23|) is equal to a^-g(xo), and this is equal to the expression in ()6.25p . (This is a 
key point; because of this we do not have to worry about the oscillation of a and a".) Finally, 
in the computation of ()6.26p . the difference on the set S is due to the fact just mentioned, 
and we can prove that ()6.26|1 is small directly. □ 



We now give an extension of the result in |SZj to the case of unbounded range. Assume 
(A7) There exists i? > such that for each r > 1 

lim V sup sup C^;^^+^ - Cyf^,^ = 0. (6.29) 
Let the (i, j)-th element of 6" be given by 

{n^))^,= E C:':'^i.^,)n%k„ xen-'Z'^. (6.30) 

For general x = {xi)f^i G M'^, define 6"(x) := 6"([x]„). Assume the 6" version of (A6); 
(A8) There exists R > and a Borel measurable a : M."^ ^ Ai such that for each r > 



lim / |6"(x) - a{x)\dx = 0. (6.3r 



' |x|<r 

We can recover and generalize the convergence theorem given in |SZj as follows. 
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Corollary 6.5 Suppose that (A1)-(A3), (A7), and (A8) hold. Then the conclusions of Theo- 
rem \6.l\ hold. 



Proof: For each e > 0, let R' = R'{e) > be an integer that satisfies Y1is>r' V^i^)^"^ < ^- Note 

that = Cxly + l{\x-y\>R'}C'^ly ■ Then, for any r > 1, any x G rT^U^ such that |x| < r, 
and any n > K j R, we have 



< 



E 



< R 



12 



< R 



12 



I E 

^ sup sup 

l2/'l<"r |x'-?;'|<iJ' 

sup sup 

i.,^n,d \y'\<nr \x'-y'\<nR 



nx,nx+k' i 



k' 



x' ,x'+k' 



/^n,R 
^y',y'+k' 



s>R' 

+ 2e, 



where L*'* = {{y, k') G {n ^7/) ^ : y + n ^V{k') contains the line segment from z to 2; + 



n 



■^e*}. In the second inequality, we used the fact that if {y,k') G L^;* and x' = nx,y' = ny, 
then \x' — y'\ = n\x — y\ < n\k' /n\ = k' < n ■ R' /n = R'. Using (j6.29|) in (A7), the right hand 
side converges to as n ^ cxd. In other words. 



|(a"(x)),,-6"(x)),,|- 
Similarly, for any r > 1, we can prove 



uniformly on compacts as n — > 00. 



as 



00, 



\x — y\ < n ^R, \x\ < r. 



(6.32) 



(6.33) 



Now the proof of this corollary goes similarly to the proofs above. As before we point out 
places where we need modifications. First, as in Corollarv 16.41 we can prove that there exist 
ci,C2 > such that ciJ < 6"(a;) < C2I for all x E M.'^ and n G N. So we know £b^{f,f) is 
bounded whenever f E L?' . As in Corollarv 16.41 we use 1)6.311) to show that the right hand side 
of ()6.12|) goes to as n ^ 00. Noting these facts, the proofs of Theorem 16.11 and Proposition 
16.21 go in the same way as before. For the proof of Lemma 16.31 in Step 1, we do not need to 
control the oscillation of a on each Sm- Step 4 with respect to &" works due to ()6.32|) . Step 5 is 
not needed. Thanks to ()6.32|) and ()6.33|) . the difference between the expression in ()6.23|) (with 
a replaced by h) and the expression in ()6.25|) is small. (This is again the key point; because of 
this we do not have to worry about the oscillation of a and 6".) Finally, in the computation of 
()6.26|) . the difference on the set B is small due to the fact just mentioned. □ 



Remark 6.6 If (A7) does not hold, 6" need not be the right approximation in general. Indeed, 
here is an example where a" converges to a, but fe" does not as n — >• 00. Suppose d = \ and let 
^k,k+i equal if k is odd, Si if k is even, i = 1,2. Then, we have 

Ti + Si + 8r2, if k is odd, 
ri + Si + 8s2, if k is even. 

2ri + 4(r2 + S2), if k is odd, 
2si + 4(r2 + S2), if k is even. 



b'^ik/n) 
a^ik/n) 
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Suppose ri = si and r2 7^ S2. Then, the value of b"'{k/n) depends on whether k is odd or even, so 
does not converge locally in as n — 00, whereas a"'{k/n) = 2ri + 4(r2 + S2) is constant. In 
this case, the assumption of Theorem 16. II fand Corollarv l6.4j) holds and a{x) = 2ri +4(r2 + S2). 

Theorem 16.11 gives a central limit theorem for the processes Y^^\ Note that the base 
measure for Y^^^ is the uniform measure, which converges with respect to Lebesgue measure 
on W''. We finally discuss the convergence of the discrete time Markov chains X^'^\ Let Y^' 
be the continuous time i/-symmetric Markov chain on which corresponds to {£,J-'). It is a 
time change of Yt and it can be defined from X„ as follows. Let {f/j : 2 G N, x G U^} be an 
independent collection of exponential random variables with parameter 1 that are independent 
of Xn. Define Tq = 0,T„ = ELi^fc- Set F'' = X„ if T„ < t < T„+i; then the laws of Y" 
and y are the same. Let be a measure on S defined by v^{A) = D~'^i'{DA) for A G S. 
Since S C M'', we will regard as a measure on R'' from time to time. By (Al), we see 
that Cifi^{A) < z/^(A) < C2fi^{A) for all A C iS and all d. So {i^^}d is tight and there is a 
convergent subsequence. We assume the following. 

(A9) There exists a Borel measure u on R'' such that converges weakly to z/ as D ^ 00. 

Let be the diffusion process corresponding to the Dirichlet form Sa considered on 
L^(R'^, z/). It is a time changed process of Zt in Theorem 16. 11 Note that by (Al), u is mutually 
absolutely continuous with respect to Lebesgue measure on M'^ so it charges no set of zero 
capacity. Further, the heat kernel for Z^ still enjoys the estimates ()6.4p . 

Now we have a corresponding theorem for the discrete time Markov chains X^^\ Define 

wi-^=xi:i/v^. 

Corollary 6.7 Suppose (A1)-(A3), (A5), and (A9) hold. 

(a) Then for each x and each to the Pt^'^-Zaw of {wj;'^^; < t < to} converges weakly with 
respect to the topology of the space D([0, to], R°'). The limit probability gives full measure to 
C([0,to],M'^). 

(b) If Z^ is the canonical process on C([0, 00), R"') and is the weak limit of the pW"- 
laws of W^'^\ then the process {Z^,F^} has continuous paths and is the symmetric process 
corresponding to the Dirichlet form 8a considered on L2(R'^,z/). 

Proof: Let Y^"''^'^ be the continuous time Markov chains on 7/ corresponding to 8n considered 
on L'^{Z'^, u), and set z["''^'^ = Y^^'^ j \fn. Then, by changing the measure [i^ to in the proof, 
we have the results corresponding to Theorem 16. II for z'^^'^ and Z^. So it suffices to show that 
there is a metric for D([0, to], R'') with respect to which the distance between W'^'^^ and Z^"^'^'^ 
goes to in probability, where in the definition of Z^'^^''^ we use the realization of y^")'*^ given 
in terms of the X'^"'^ by means of independent exponential random variables of parameter 1. 

We use the Ji topology of Skorokhod; see [Bij. The paths of y^")'*^ agree with those of X'-"-' 
except that the times of the jumps do not agree. Note that X'-"-' jumps at times k/n, while 
jumps at times Tk/n. So it suffices to show that if is the sum of i.i.d. exponentials 
with parameter 1, then for each rj > and each to 

P( sup |Tfc -k\>nri) ^0 

k<[nto] 
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as n — i> oo. But by Doob's inequality, the above probability is bounded by 

4Var T[„,„] ^ Ajnto] ^ ^ 

as desired. □ 

Remark 6.8 We remark that the definition of a", and hence the statement of (A5), depends 
on the definition of V{k) and of the extension operator En- It would be nice to have a central 
limit theorem with a more robust statement. 



Remark 6.9 We make a few comments comparing the central limit theorem in our paper and 
the convergence theorem in |SZj in the case of bounded range. The result in |SZj requires a 
smoothness condition on the conductances CJ^y, while we require smoothness instead on the a". 
Thus our theorem has weaker hypotheses, and as Remark 16.61 shows, there are examples where 
one set of hypotheses holds and the other set does not. On the other hand, if (A1)-(A3) hold, 
then the {6"} will automatically be symmetric, equi-bounded and equi- uniformly elliptic; if in 
addition 6" — > a, then a will be bounded and uniformly elliptic and this does not need to be 
assumed. 
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